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Computing all steady states for second-order coupling
Setting up the system. We set the parameters to their standard values in the paper.
The only assumption is that s is a quartic polynomial with a positive leading coefficient. 
For all N from 1 to Nmax, the necessary arrays are set up. tol denotes a tolerance; anything smaller is 
considered as zero.

:

:
:

:
: :

: :
:
:

A first auxiliary procedure for producing extended distributions of length 2 and 4.
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:
We produce all possible partitions of each N with up to four summands and each partition is permuted in
all possible ways.

:

Analysing the form of the graph of s
Depending on the value of m, there can be one or three critical points: one or two minima and zero or one
maxima. We compute all critical points and determine which minimum is the global one (we only need 
the ordinates of the extrema).
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Routines for numerically computing steady states exploiting the residual symmetry and
analysing their stability behaviour
The first procedure evaluates the condition for a steady state as described in the paper. The use of 
second-order coupling is hard coded into this procedure.

:
The second procedure searches for critical values of c in a prescribed range. Using the NextZero option, 
we compute iteratively all critical values (in most cases, only one exists, but one can observe a few 
exceptions). Returned are not the critical values, but the corresponding preimages computed using 
Isolate.
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:
The third procedure deals with distributions of length 2. It uses the previous procedure to search for 
critical values of c and to collect the corresponding real preimages. It uses the above computed 
information about the shape of the graph of s in form of the global variables cmin1, cmin2 and cmax and
decides on their basis in which regions findy should search for critical values.

:
The fourth procedure is analogous to the last one, but handles distributions of length 4.

:
The following auxiliary procedure modifies the built-in function sign by including zero as a possible 
result. The global variable tol says up to which absolute value a number is considered as zero.



> > 

> > 

> > 

> > 

(6)(6)

> > 

> > 

:
The sixth procedure performs a stability analysis of a family of steady states. Given an extended 
distribution and the corresponding preimages, it evaluates for one steady state in the family the Jacobian 
(all other steady states possess the same stability). It returns the number of eigenvalues with positive, 
negative or zero real part (we never observed a zero real part).

:
Computing for each split a representative steady state and determining its stability
The following auxiliary procedure uses the information computed by stabroot for a classification of 
steady states. In the case of stable nodes, we further distinguish whether they have more or less than 
three levels. In the case of saddle points, we distinguish separating saddle points having a hypersurface 
als invariant manifold. Furthermore, it determines how many members the corresponding family has.
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:
The next procedure is the top level one. Depending on the size of the extended distribution, it determines
via relroots2 and relroots4, respectively, the existence of steady states. If some exist, they are analysed 
by anapart2.

:
The following auxiliary procedure takes lower-dimensional steady states without zero levels and lifts 
them to the current dimension by adding zero levels. Both the old, lower-dimensional steady states and 
the new ones of the current dimension are managed in global arrays.
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:
The final auxiliary procedure performs some statistics on the found types of steady states by adding up 
the results of previous computations. It returns an array with eight components. The first entry is the 
number of families of steady states and the second entry the total number of steady states. The remaining
entries count the different types of steady states using the type code from anapart2.

:
:

Treating the special case N=1 to start induction
For N=1, we simply compute directly the steady states of the scalar differential equation using Isolate. 
The results are written to a data file. In a separate data file, we start to accumulate the total statistics of 
the steady states and their types.

:
:

:
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Running over all higher values of N until Nmax
In the finite induction to Nmax, we treat all permutations for the current dimension in parallel. Some 
statistics on computation times and the number of found steady states of the different types are printed. 
For each dimension N<=Nprint a separate data file is produced containing the coordinates, the 
multiplicity and the type of each family of steady states. For larger dimensions the file sizes would be 
too large.

:

: : :

:
: : :

:

:

:
:

:

:
:

:
:

:
:

:
:
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Statistical analysis of the growth of the total number of steady states in dependency on 
the dimension
We perform an exponential fit and compare its results with the actual values. For analysing the accuracy 
of the obtained model, we look at the relative errors. As they are randomly distributed and fairly small, 
the model seems to be a very good fit as also indicated by an R² value of 1.

: :

Summary:
----------------
Model: 1.2946662*exp(1.4800063*z)
----------------
Coefficients:
              Estimate  Std. Error  t-value   P(>|t|)
Parameter 1    0.2583    0.0258      10.0274    0.0001
Parameter 2    1.4800    0.0037      396.0533   0.0000
----------------
R-squared: 1.0000, Adjusted R-squared: 1.0000
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1.72659014519020

Summary:
----------------
Model: -26.952381+18.832612*z-.43939394*z^2+.20202020*z^3
----------------
Coefficients:
              Estimate   Std. Error   t-value  P(>|t|)
Parameter 1   -26.9524    11.7590     -2.2921   0.0837
Parameter 2    18.8326    6.2205       3.0275   0.0389
Parameter 3   -0.4394     1.0149      -0.4329   0.6874
Parameter 4    0.2020     0.0518       3.8996   0.0175
----------------
R-squared: 0.9999, Adjusted R-squared: 0.9998

Summary:
----------------
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Model: 6.5476190-5.8870851*z+5.9431818*z^2-.48737374*
z^3+.26515152e-1*z^4
----------------
Coefficients:
              Estimate  Std. Error   t-value  P(>|t|)
Parameter 1    6.5476    40.5921      0.1613   0.8821
Parameter 2   -5.8871    29.2938     -0.2010   0.8536
Parameter 3    5.9432    7.4535       0.7974   0.4835
Parameter 4   -0.4874    0.7989      -0.6101   0.5849
Parameter 5    0.0265    0.0307       0.8649   0.4507
----------------
R-squared: 0.9999, Adjusted R-squared: 0.9998

Summary:
----------------
Model: 14.647220*exp(.32149056*z)
----------------
Coefficients:
              Estimate  Std. Error  t-value  P(>|t|)
Parameter 1    2.6843    0.1384      19.3879   0.0000
Parameter 2    0.3215    0.0201      16.0038   0.0000
----------------
R-squared: 0.9995, Adjusted R-squared: 0.9993
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