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:

Computation of a classical bifurcation diagram for a second-order 
coupling via singular ODEs
We use ideas from the Vessiot theory of singular differential equations to derive a vector field such that 
the bifurcation paths are trajectories and the bifurcation points steady states. In this worksheet, we 
always have N=M=3; all other parameters can be set in the worksheet. The bifurcation parameter is m.

: : : : :
: : :

3

:
:
:
:
:
:

Build model.
We set the parameters to their standard values in the paper and use a linear coupling coefficient 
function.

Define the considered vector field describing the evolution of the traits.
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Compute its Jacobians both with respect to the variables only and in addition with respect to the 
environmental parameter m.

 …

 …

 …

 …

 …

 …

:
Setting up vector field Y generating the projected Vessiot distribution using the adjoint of the Jacobian 
and the Jacobian with respect to m alone.

:
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:
:

We consider now only the case  and , i.e. pure second-order coupling.

: : :
: : :
: :

We use Y to set up a system in a form suitable for integration with dsolve.
:

:
:

:

:
Compute numerically bifurcation points (requires larger number of digits for better identification of 
identical m-values).

:

: :

66.753
141

We store the found bifurcation points in a data file.

:
:

:
:
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:
:

We select the m-values of the bifurcation points and select those in the specified range.

45

:
:

35

Some auxiliary quantities for the plotting.
:

:
:
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We generate a list of m-values lying before, after and between the chosen bifurcation values. The steady 
states at this m-values are used as initial points for computing pieces of the bifurcation paths.

:
:

:
:

:
:

The following procedure integrates Y along the i-th segment of the m-list. For plotting the results in 2D, 
we use either the distance from the origin or the value of s as ordinate.
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:
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247.602
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